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Abstract
We prove: Let A be an abelian variety over a number ﬁeld K : Then K has a ﬁnite Galois
extension L such that for almost all sAGalðLÞ there are inﬁnitely many prime numbers l with
AlðK˜ðsÞÞa0:
Here K˜ denotes the algebraic closure of K and K˜ðsÞ the ﬁxed ﬁeld in K˜ of s: The expression
‘‘almost all s’’ means ‘‘all but a set of s of Haar measure 0’’.
r 2004 Elsevier Inc. All rights reserved.
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0. Introduction
Let K be an inﬁnite ﬁnitely generated ﬁeld over its prime ﬁeld. Denote the
separable closure of K by Ks; the algebraic closure of K by K˜; and the absolute
Galois group of K by GalðKÞ: The latter group is proﬁnite and is therefore equipped
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with a unique Haar measure mK satisfying mKðGalðKÞÞ ¼ 1: For each r ¼
ðs1;y; seÞAGalðKÞe let KsðrÞ be the ﬁxed ﬁeld of s1;y; se in Ks and K˜ðrÞ the
maximal purely inseparable extension of KsðrÞ: Properties of KsðrÞ and K˜ðrÞ that
hold for almost all rAGalðKÞe (i.e. for all but a set of r of measure zero) reﬂect
fundamental theorems of arithmetic geometry like Hilbert Irreducibility Theorem
and Mordell–Weil Theorem which hold over ﬁnite extensions of K : The following
statements summarize some of these properties:
Theorem A. The following statements hold for almost all rAGalðKÞe:
(a) GalðKsðrÞÞ is isomorphic to the free profinite group on e generators [FrJ, Theorem
16.13].
(b) The field KsðrÞ is PAC; that is every absolutely irreducible variety defined over
KsðrÞ has a KsðrÞ-rational point [FrJ, Theorem 16.18].
(c) rank ðAðKsðrÞÞÞ ¼N for every abelian variety A defined over KsðrÞ [FyJ,
Theorem 9.1].
Each of properties (a)–(c) of Theorem A indicates that the ﬁelds KsðrÞ and K˜ðrÞ
are, in general, large algebraic extensions of K :
As a complement to Theorem A(c), it was only natural to ask about the torsion part
of A over the ﬁelds KsðrÞ: First, we proved the following result for elliptic curves:
Theorem B (Geyer and Jarden [GeJ, Theorem 1.1]). Let E be an elliptic curve over K.
Then the following holds for almost all rAGalðKÞe:
(a) If e ¼ 1; then there are infinitely many prime numbers l with ElðK˜ðrÞÞa0:
(b) If eX2; then there are only finitely many l with ElðK˜ðrÞÞa0:
(c) If eX1; then for each l the set ,Ni¼1EliðK˜ðsÞÞ is finite.
In contrast to the large rank over these ﬁelds, torsion is bounded when eX2; and
the only unboundedness statement is that for e ¼ 1: This case says, for a measure 1
set of s in the absolute Galois group, the set of primes l with El nontrivial is inﬁnite.
This is a statement about disjointness of ﬁelds generated by various taking l-division
points for inﬁnitely many l: So, one sees it is a result that comes (at least in the case
where E has no complex multiplication) from Serre’s famous open image theorem on
the action of GalðQÞ on the product of all El ’s. That theorem has not yet been
extended to general abelian varieties. Yet we have been able to make progress on the
following conjecture for arbitrary abelian varieties:
Conjecture C (Geyer and Jarden [GeJ, p. 260]). Let A be an abelian variety over K.
Then the following holds for almost all rAGalðKÞe:
(a) If e ¼ 1; then there are infinitely many prime numbers l with AlðK˜ðrÞÞa0:
(b) If eX2; then there are only finitely many l with AlðK˜ðrÞÞa0:
(c) If eX1; then for each l the set ,Ni¼1AliðK˜ðsÞÞ is finite.
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Conjecture C was fully veriﬁed when K is a ﬁnite ﬁeld [JaJ1, Proposition 4.2]. Part
(c) of the conjecture is proved in [JaJ2, Main Theorem] for an arbitrary ﬁnitely
generated ﬁeld K : The same theorem proves Part (b) if charðKÞ ¼ 0: Parts (a) and (b)
are still open if charðKÞ40:
The goal of this work is to prove a weak version of Part (a) of Conjecture C for
number ﬁelds K :
Main theorem. Let A be an Abelian variety over a number field K. Then K has a finite
Galois extension L such that for almost all sAGalðLÞ there are infinitely many prime
numbers l with AlðL˜ðsÞÞa0:
We can take L ¼ K in the Main Theorem and thus prove Part (a) of Conjecture C
in a few special cases:
(a) E ¼ Q#EndC A is a totally real number ﬁeld with ½E :Q ¼ n and there is a
prime of K at which A has no potential good reduction.
(b) EndCA ¼ Z and dimðAÞ is 2, 6, or an odd positive integer.
Whether L can be taken as K in the general case remains open.
The proof of the result for elliptic curves depends on a good knowledge of the
image of GalðKÞ under the l-ic (also known as the ‘‘mod l’’) representations
associated with A: In the general case we have relevant information only over a ﬁnite
Galois extension L of K :
Let A be an abelian variety of dimension d over a number ﬁeld K: We know that
for each prime number l we have AlðK˜ÞDF2dl : The action of GalðKÞ on AlðK˜Þ gives,
after choosing an appropriate basis for Al ; a representation rl : GalðKÞ-GL2dðFlÞ:
Put GKðlÞ ¼ rlðGalðKÞÞ: For each number ﬁeld N denote the set of all prime
numbers which split completely in N by SpltðNÞ: Using results of Serre, we are able
to ﬁnd a ﬁnite Galois extension L of K ; a number ﬁeld N; a connected reductive
subgroup H of GL2d over N with a positive dimension r; a connected algebraic
group Hˆ; an isogeny y: Hˆ-H over N; and a set L of prime numbers satisfying the
following conditions:
(1a) LDSpltðNÞ:
(1b)
P
lAL-SpltðN 0Þ
1
l
¼N for each number ﬁeld N 0:
(1c) yðHˆðFlÞÞpGLðlÞpHðFlÞ and HðFlÞ : yðHˆðFlÞÞp jKerðyÞj for each lAL:
(1d) The ﬁelds LðAlÞ; with l ranging over L; are linearly disjoint over L:
We indicate how the main theorem follows from properties (1a)–(1d): For each
lAL let S˜l ¼ fsAGalðLÞ j AlðL˜ðsÞÞa0g: By (1d), the sets S˜l are m-independent. If we
prove that
P
lALmðS˜lÞ ¼N; then almost all sAGalðLÞ will belong to inﬁnitely many
S˜l (a lemma of Borel–Cantelli). This will prove the Main Theorem.
For each lAL let Sl be the set of all sAGalðLðAlÞ=LÞ for which there is a nonzero
aAAlðL˜Þ with sa ¼ a: Then res1LðAlÞðSlÞ ¼ S˜l : Hence, mðS˜lÞ ¼
jSl j
½LðAl Þ: L: By (1c) and
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Weil–Lang, ½LðAlÞ: L ¼ jGLðlÞjpjHðFlÞjpc1lr for some constant c140: Next use
(1c) to estimate jSl j from below:
jSl j ¼#fhAGLðlÞ j detð1 hÞ ¼ 0g
X
1
jKerðyÞj#f
#hAHˆðFlÞ j detð1 yð#hÞÞ ¼ 0g: ð2Þ
Now let V be the intersection of Hˆ with the hypersurface deﬁned by detð1 yð#hÞÞ ¼
0: Let W be an absolutely irreducible component of V : Then dimðWÞ ¼ r  1 and W
is deﬁned over a ﬁnite extension N 0 of N: Let L0 ¼ L-SpltðN 0Þ: For each lAL0
Weil–Lang gives a constant c240 with jWðFlÞjXc2lr1: Combined with (2), this
gives jmðS˜lÞjXcl with c ¼ c2jKerðyÞjc1: It follows from (1b), that
P
lAL0mðS˜lÞ ¼N; as
claimed.
1. Reductive groups over pseudoﬁnite ﬁelds
An isogeny y: Hˆ-H of algebraic groups is an epimorphism with a ﬁnite kernel. If
y is deﬁned over a ﬁeld F and F is algebraically closed, then yðHˆðFÞÞ ¼ HðFÞ: In the
general case, yðHˆðFÞÞ is a subgroup of HðFÞ which may be proper.
We denote the absolute Galois group of a ﬁeld F by GalðFÞ: The ﬁeld F is PAC if
every absolutely irreducible variety over F has an F -rational point. The ﬁeld F is
pseudofinite if F is perfect, PAC, and GalðFÞD #Z:
Hrushovski–Pillay use heavy model theory to prove the following result. We
suggest an alternative proof which uses cohomological arguments:
Lemma 1.1 (Hrushovski and Pillay [HrP, Lemma 5.5]). Let F be a pseudofinite field
and y: H-G an isogeny of connected algebraic groups over F. Then jKerðyÞðFÞj ¼
ðGðFÞ: yðHðFÞÞÞ:
Proof (Prasad). Put K ¼ KerðyÞ: Then the short exact sequence
1-KðF˜Þ-HðF˜Þ!y GðF˜Þ-1
gives rise to a long exact sequence of nonabelian cohomology groups:
1-KðFÞ-HðFÞ!y GðFÞ-H1ðGalðFÞ; KðF˜ ÞÞ-H1ðGalðFÞ; HðF˜ ÞÞ; ð1:1Þ
[Ser4, Proposition 36, p. 50]. Each element of H1ðGalðFÞ; HðF˜ ÞÞ may be represented
by an absolutely irreducible variety V which is deﬁned over F such that V F F˜DH
[LaT, Proposition 4]. Since F is PAC, V has an F -rational point. Hence, V
represents the trivial element of H1ðGalðFÞ; HðF˜ ÞÞ [LaT, Proposition 4], so
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H1ðGalðFÞ; HðF˜ ÞÞ ¼ 1: Therefore, by (1.1),
GðFÞ=yðHðFÞÞDH1ðGalðFÞ; KðF˜ ÞÞ: ð1:2Þ
Since KðF˜ Þ is ﬁnite and normal in HðF˜ Þ and H is connected, KðF˜ Þ is abelian [Spr2,
Exercise 2.2.2(4)]. Since F is pseudo-ﬁnite, GalðFÞD #Z: For each positive integer n;
j H0ðZ=nZ; KðF˜ ÞÞj ¼ j H1ðZ=nZ; KðF˜ ÞÞj ð1:3Þ
[CaF, Proposition 11, p. 109]. Since #Z ¼ lim
’
Z=nZ; taking direct limit of (1.3) gives
j H1ðGalðFÞ; KðF˜ ÞÞj ¼ j H0ðGalðFÞ; KðF˜ ÞÞj ¼ jKðFÞj:
We conclude from (1.2) that ðGðFÞ: yðHðFÞÞÞ ¼ jKðFÞj: &
Let G be a connected linear algebraic group over a ﬁeld F : A Borel subgroup of G
is a maximal connected solvable subgroup B of GðF˜ Þ: We say that G quasi-splits over
F if G contains a Borel subgroup which is deﬁned over F : Suppose G is an algebraic
subgroup of GLn: Then G is said to split over F if G has a maximal torus T which is
deﬁned and split over F : Thus, there is gAGLnðFÞ such that TðF˜ ÞgpDnðF˜ Þ: It is
known (yet we do not use it) that if G splits over F ; then G quasi-splits over F :
In this section we use the property of being quasi-split to investigate subgroups of
ﬁnite index of GðFÞ when F is a perfect PAC ﬁeld. Section 4 will give sufﬁcient
conditions for a reductive group to split over a given perfect ﬁeld.
Lemma 1.2. Let G be a connected linear group over a perfect PAC field F. Then G
quasi-splits over F.
Proof. Denote the class of all ﬁeld extensions of F byF: For each F 0AF let BðF 0Þ
be the set of all Borel subgroups of G F F 0: By Demazure, [Dem, Corollary 5.8.3 (i),
p. 230] or [BoS, Corollary 8.5], the functor B from F to the class of sets is
representable by an absolutely irreducible variety V over F (which is projective and
smooth). In particular, BðFÞ ¼ VðFÞ: Since F is PAC, VðFÞ is nonempty. Hence,
there is BABðFÞ: Thus, B is a Borel subgroup of G which is deﬁned over F : &
Let G be a linear algebraic group. G is semisimple if it has no inﬁnite solvable
normal subgroup. G is simply connected if there is no isogeny y: H-G with
KerðyÞa1: An element g of G is unipotent if G can be embedded in some GLm such
that 1 is the only eigenvalue of g (then this holds for each embedding of G in GLn). A
subgroup U of G is unipotent if each element of G is unipotent. In this case, U is
nilpotent, hence solvable. Finally, G is reductive if it has no inﬁnite unipotent normal
subgroup.
ARTICLE IN PRESS
W.-D. Geyer, M. Jarden / Finite Fields and Their Applications 11 (2005) 123–150 127
Lemma 1.3 (Prasad). Let F be an infinite perfect field and G a simply connected quasi-
split semisimple linear algebraic group over F. Then each subgroup of GðFÞ of finite
index coincides with GðFÞ:
Proof. Assume J be a proper subgroup of GðFÞ of ﬁnite index. Replace J by the
intersection of its conjugates, if necessary, to assume JvGðFÞ:
Suppose ﬁrst G is almost F -simple (or, in the terminology of [Tit2, p. 314] quasi-
simple over F ). This means, G has no connected proper normal subgroup over F
except 1. Denote the subgroup of GðFÞ which all unipotent elements generate by
GðFÞþ: By Tits [Tit2, Main Theorem], GðFÞþ is almost simple; that is, every proper
normal subgroup of GðFÞþ is contained in the center ZðGÞ of G: Since G is
semisimple, simply connected, and quasi-split over F and F is perfect, a theorem of
Steinberg asserts that GðFÞ ¼ GðFÞþ [Ste, Corollary 3, p. 65]. Hence, GðFÞ is almost
simple. Since G is semisimple, ZðGÞ is ﬁnite. Hence, every proper normal subgroup
of GðFÞ is ﬁnite.
Since G is reductive, GðFÞ is Zariski dense in GðF˜ Þ [Bor2, Corollary 18.3, p. 220].
In particular, GðFÞ is inﬁnite. Hence, J is also inﬁnite. Thus, by the preceding
paragraph, J ¼ GðFÞ:
In the general case let Gi; i ¼ 1;y; m; be the minimal groups among the
closed connected normal F -subgroups of G of positive dimension. Then each
Gi is almost F -simple and there is an F -isogeny y:
Qm
i¼1 Gi-G whose restriction to
each Gi is the inclusion [Bor2, Theorem 22.10(i)]. Since G is simply connected,
y is an isomorphism. Hence, GD
Qm
i¼1 Gi and each Gi is simply connected.
Thus, GðFÞDQmi¼1 GiðFÞ: For each i; J-GiðFÞ has ﬁnite index in GiðFÞ:
Since G is semisimple and quasi-split over F ; so is each Gi [Bor2, Proposition
11.14(1)]. By the special case, J-GiðFÞ ¼ GiðFÞ: Therefore, J ¼ GðFÞ; as
required. &
Let N be a ﬁeld and S a connected semisimple linear algebraic group over N: Then
there exists a connected semisimple linear algebraic group Sˆ and an isogeny y: Sˆ-S
over N with the following property: For each isogeny y1: S1-S over N there exists
an isogeny k: Sˆ-S1 with y13k ¼ y [Tit1, p. 38]. The isogeny y: Sˆ-S is the simply
connected covering of S:
Lemma 1.4 (Prasad). Let F be a perfect PAC field. Consider a connected semisimple
algebraic group S over F. Let y: Sˆ-S be the simply connected covering of S over F :
Then, every subgroup of SðFÞ of finite index contains yðSˆðFÞÞ:
Proof. Let J be a subgroup of SðFÞ of a ﬁnite index. Then J 0 ¼ y1ðJ-yðSˆðFÞÞÞ is a
subgroup of Sˆ of a ﬁnite index. By Lemma 1.2, Sˆ is quasi-split. By Lemma 1.3,
J 0 ¼ SˆðFÞ: Therefore, yðSˆðFÞÞpJ: &
We denote the connected component of 1 of an algebraic group G by G0:
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Remark 1.5. Decomposition of reductive groups. Let H be a connected reductive
group over an algebraically closed ﬁeld C: By Borel [Bor2, Section 14.2], H ¼ TH 0;
where
(4a) T is a torus and H 0 is the commutator subgroup of H;
(4b) H 0 is semisimple; and
(4c) T ¼ ZðHÞ0; where ZðHÞ is the center of H:
In particular, T commutes elementwise with H 0: Also, T-H 0 is a closed normal
abelian subgroup of H 0: Hence, by (4b), T-H 0 is ﬁnite. We call T the central torus of
H and H 0 the semisimple part of H: If H is deﬁned over a perfect subﬁeld F of C;
then so are H 0; ZðHÞ; and T :
Conversely, if H ¼ TS where S is semisimple and T is a torus which commutes
elementwise with S; then H is reductive [Bor1, Theorem 5.2].
We supply an algebraic proof to a special case of [HrP, Proposition 3.3] proved by
model theoretic methods.
Lemma 1.6. Let F be a pseudofinite field of characteristic 0; N a subfield of F, H a
connected reductive algebraic group over N, and k a positive integer. Then there exist a
connected reductive algebraic group Hˆ and an isogeny y: Hˆ-H over N satisfying this:
(a) yðHˆðFÞÞ is contained in each subgroup of HðFÞ of index that divides k.
(b) jKerðyÞðFÞj ¼ ðHðFÞ: yðHˆðFÞÞÞ:
Proof. Statement (b) is a special case of Lemma 1.1. We prove (a).
Let T be the central torus and S the semisimple part of H: The map ðt; sÞ/ts is an
isogeny p: T  S-H; because KerðpÞ is a normal closed abelian subgroup of S: Let
k: T-T be the isogeny deﬁned by kðtÞ ¼ tk!: Let s: Sˆ-S be the simply connected
covering over N: Then y ¼ p3ðk sÞ: T  Sˆ-H is an isogeny over N: By Borel
[Bor1, Theorem 5.1], Hˆ ¼ T  Sˆ is reductive and deﬁned over N (comments
preceding Lemma 1.6). Since both T and Sˆ are connected and linear, so is Hˆ:
Now consider a subgroup B of HðFÞ of index that divides k: The intersection of all
conjugates of B is a normal subgroup B0 of HðFÞ of index dividing k!: Then D ¼
p1ðB0Þ is a normal subgroup of TðFÞ  SðFÞ of index dividing k!: Hence, D1 ¼
D-TðFÞ is a normal subgroup of TðFÞ of index dividing k!: Since TðFÞ is abelian,
kðTðFÞÞ ¼ TðFÞk!pD1: Similarly, D2 ¼ D-SðFÞ is a normal subgroup of SðFÞ of
index dividing k!: By Lemma 1.4, sðSˆðFÞÞpD2: The N-isogeny y: Hˆ-H satisﬁes
yðHˆðFÞÞ ¼ pðkðTðFÞÞ  sðSˆðFÞÞÞppðD1  D2ÞppðDÞpB0pB: &
2. Axiomatic approach
Consider a ﬁeld K and an Abelian variety A of dimension d over K : Let
m ¼ mK be the normalized Haar measure of GalðKÞ: Our goal in this section is to give
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a proof of the Main Theorem based on certain assumptions which we make on A
and K :
Let P be the set of all prime numbers. Recall that the Dirichlet density of a subset
B of P is deﬁned as the limit (if it exists)
dðBÞ ¼ lim
s-1þ
P
lABl
sP
lAPl
s:
It has the following properties:
(1a) dðPÞ ¼ 1:
(1b) If
P
lAB
1
l
oN; then dðBÞ ¼ 0 (because PlAP1l ¼N).
(1c) If dðBÞ ¼ 0 and CDB; then dðCÞ ¼ 0:
(1d) If B and C are disjoint sets with Dirichlet density, then dðB,CÞ ¼ dðBÞ þ dðCÞ:
(1e) dðP\BÞ ¼ 1 dðBÞ; if dðBÞ exists.
(1f) If dðBÞ ¼ 0 and dðCÞ exists, then dðB,CÞ ¼ dðCÞ: This follows from the
following inequality:
X
lAC
1
ls
p
X
lAB,C
1
ls
p
X
lAB
1
ls
þ
X
lAC
1
ls
:
(1g) If dðBÞ ¼ 1 and dðCÞ exists, then dðB-CÞ ¼ dðCÞ (use (1e) and (1f)).
(1h) For each number ﬁeld N let SpltðNÞ be the set of all prime numbers l that split
completely in N: Thus, if lASpltðNÞ and l is a prime of N over l; then the
residue ﬁeld of N at l is Fl : Note that lASpltðNÞ if and only if lASpltðNˆÞ; where
Nˆ is the Galois closure of N=Q: By the Chebotarev density theorem [FrJ,
Theorem 5.6], dðSpltðNÞÞ ¼ 1½Nˆ: Q:
Construction 2.1. Ultrafilter of prime numbers: Denote the collection of all subsets of
P of the form SpltðNÞ where N is a number ﬁeld and the sets of Dirichlet density 1 by
L0: If NDN 0 are number ﬁelds, then SpltðN 0ÞDSpltðNÞ: If dðBÞ ¼ 1; then, by (1g)
and (1h), dðB-SpltðNÞÞ ¼ dðSpltðNÞÞ40: Thus, the intersection of ﬁnitely many
sets in L0 is never empty. Hence, there exists an ultraﬁlter L of P which contains
L0 [FrJ, Corollary 6.7]. In particular, L contains no subsets of P of Dirichlet
density 0. Hence, by (1b), if LAL; then
P
lAL
1
l
¼N: Denote the ultraproductQ
Fl=L by F :
Lemma 2.2. F is a pseudofinite field which contains *Q:
Proof. For the ﬁrst statement see [FrJ, Section 18.9]. To embed *Q in F consider an
irreducible polynomial fAZ½X : Denote the decomposition ﬁeld of f by N: For all
but ﬁnitely many lASpltðNÞ; f decomposes modulo l into distinct linear factors. So,
f decomposes into distinct linear factors in F : This gives a (noncanonical)
embedding of *Q into F which we ﬁx for the whole work. &
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Construction 2.3. Choice of an extension of l: Let N be a ﬁnite Galois extension of Q:
Choose a primitive element x for N which is integral over Z: Put f ¼ irrðx;QÞ: By
Lemma 2.2, xAF : Choose a system of representatives ð %xlÞl for x modulo L: For
each lASpltðNÞ denote the local ring of Z at l by ZðlÞ: Then A ¼
flASpltðNÞ j %xl is a root of f modulo lg belongs to L: For all but ﬁnitely many
lAA; ZðlÞ½x is the integral closure of ZðlÞ in N [FrJ, Lemma 5.3]. Hence, the map
x/ %xl deﬁnes a prime divisor l of N which extends l with residue ﬁeld Fl : For all
other lAP choose an extension l of l to N arbitrarily. It follows that for each yAN
with a system of representatives ð %ylÞl modulo L there is BAL such that %yl is the
reduction of y modulo l for each lAB:
In particular, suppose H is an algebraic subgroup of GLn deﬁned over N: Then,
for all but ﬁnitely many lASpltðNÞ the group HðFlÞ of all Fl-rational points of H is
well deﬁned. If a is a point of HðFÞ with a system of representative ð%alÞ modulo L;
then flASpltðNÞ j %alAHðFlÞgAL: Moreover, if aAHðNÞ; then for a set of l’s inL; %al
is the reduction of a modulo l:
Denote the ring of integers of a number ﬁeld N by ON :
For each prime number l choose a basis a1;y; a2d of Alð *QÞ over Fl and let
rl : GalðKÞ-GL2dðFlÞ be the l-ic representation of GalðKÞ corresponding to this
basis. Put GKðlÞ ¼ rlðGalðKÞÞ: Then rl induces an isomorphism
%rl : GalðKðAlÞ=KÞ-GKðlÞ:
Assumption 2.4. There exist
(2a) a ﬁnite Galois extension N of Q;
(2b) a set L of prime numbers;
(2c) a ﬁnite Galois extension L of K ;
(2d) a linear algebraic group HpGL2d deﬁned over N;
(2e) and a positive integer c;
with the following properties:
(3a) H is a connected reductive group of dimension r:
(3b) H contains the group Gm of homotheties.
(3c) LDSpltðNÞ and LAL:
(3d) For each lAL we choose a prime l of N which lies over l as in Construction 2.3.
Then HðFlÞ is a well-deﬁned subgroup of GL2dðFlÞ:
(3e) GLðlÞ is a subgroup of HðFlÞ of index pc:
(3f) The ﬁelds LðAlÞ; lAL; are linearly disjoint over L:
Lemma 2.5. In the notation of Construction 2.1, there exist a connected group Hˆ; an
isogeny y:Hˆ-H over N; and a subset L0AL of L such that for each lAL0
(4a) yðHˆðFlÞÞpGLðlÞ and
(4b) jKerðyÞðFlÞj ¼ ðHðFlÞ: yðHˆðFlÞÞÞ:
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Proof. By (3e), H ¼ QGLðlÞ=L is a subgroup of HðFÞ ¼ QHðFlÞ=L of index at
most c: Lemma 1.6 gives a connected algebraic group Hˆ and an isogeny y:Hˆ-H
over N with yðHˆðFÞÞpH and ðHðFÞ:yðHˆðFÞÞÞ ¼ jKerðyÞðFÞjoN: Therefore, there
exists a subset L0AL of L such that y:HˆðFlÞ-HðFlÞ is a homomorphism and (4)
holds for each lAL0: &
Construction 2.6. A change of N and L:
Part A: Intersection with a hypersurface. Let z be a set of variables for the
coordinates of the ambient afﬁne space of Hˆ: Let V be the intersection of Hˆ with the
hypersurface Zðdetð1 yðzÞÞÞ of that ambient space deﬁned by the equation detð1
yðzÞÞ ¼ 0: By (3b), rX1:
Claim. V is a union of absolutely irreducible varieties of dimension r  1:
Indeed, Hˆ is absolutely irreducible and y:Hˆ-H is an isogeny. Hence, dimðHˆÞ ¼
dimðHÞ ¼ r: By the dimension theorem [Lan1, Theorem 11, p. 36], it sufﬁces to
prove Zðdetð1 yðzÞÞÞ-Hˆ is nonempty and properly contained in Hˆ:
To this end consider lA *Q with la0: Since y:Hˆð *QÞ-Hð *QÞ is an epimorphism and
GmpH (Assumption (3b)), there is #hAHˆð *QÞ with yð#hÞ ¼ l: Hence,
detð1 yð#hÞÞ ¼ detð1 lÞ ¼ ð1 lÞ2d :
Thus, hˆAVð *QÞ if and only if l ¼ 1:
Denote the absolutely irreducible components of V by V1;y; Vm: By the claim,
each of them is of dimension r  1:
Part B: Change of N and L: Let N 0 be a ﬁnite Galois extension ofQ which contains
N and Vi is deﬁned over N
0 for i ¼ 1;y; m: Let L0 be the subset ofL which Lemma
2.5 gives. Set L00 ¼ L0-SpltðN 0Þ: Omitting ﬁnitely many elements from L0;
Assumption 2.4 and condition (4) remain valid if we replace N and L; respectively,
by N 0 and L00:
Part C: Additional conditions. Replace N by N 0 and L by L00; if necessary, to
assume that in addition to (3) and (4) the following conditions hold:
(5a) The intersection V ¼ Hˆ-Zðdetð1 yðzÞÞÞ is nonempty. Let V1;y; Vm be the
absolutely irreducible components of V : Each of them has dimension r  1:
(5b) Vi is deﬁned over N for i ¼ 1;y; m and ViðFlÞ is well deﬁned for each lAL:
Denote the normalized Haar measure of GalðLÞ by mL: For each lAL let
S˜l ¼fsAGalðLÞ j AlðKsðsÞÞa0g
¼fsAGalðLÞ j (pAAlðKsÞ: pa0 and sp ¼ pg
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and
Sl ¼ fsAGalðLðAlÞ=LÞ j (pAAlðKsÞ: pa0 and sp ¼ pg:
Then res1LðAlÞðSlÞ ¼ S˜l ; so mLðS˜lÞ ¼
jSl j
½LðAl Þ:L: By (3f), the ﬁelds LðAlÞ; lAL; are linearly
disjoint over L: Hence, by Fried and Jarden [FrJ, Lemma 16.11],
(6) the sets S˜l ; lAL; are mL-independent.
Lemma 2.7. There exists a constant b40 with mLðSlÞ4bl for all lAL:
Proof. Consider lAL: Since %rl is the isomorphism induced by the action of
GalðLðAlÞ=LÞ on Al ; %rl maps Sl bijectively onto the set
%Sl ¼fhAGLðlÞ j (vAF2dl : va0 and hv ¼ vg
¼fhAGLðlÞ j 1 is an eigenvalue of hg
¼fhAGLðlÞ j detð1 hÞ ¼ 0g:
By (4a), yðHˆðFlÞÞpGLðlÞ: Hence,
%Sl+fyð#hÞAGLðlÞ j detð1 yð#hÞÞ ¼ 0g:
Thus, in the notation of (5a),
j %Sl jX#fyð#hÞAHðFlÞ j #hAHˆðFlÞ and detð1 yð#hÞÞ ¼ 0g ¼ jyðVðFlÞÞj:
Put m ¼ jKerðyÞj: By Lemma 2.5 each ﬁber of the homomorphism y:HˆðFlÞ-HðFlÞ
consists of at most m elements. Hence,
jVðFlÞjpm jyðVðFlÞÞj:
Therefore,
mLðS˜lÞ ¼
jSl j
jGLðlÞjX
jylðVðFlÞÞj
jGLðlÞj X
jVðFlÞj
mjGLðlÞjX
jVðFlÞj
mjHðFlÞj:
By (5), V1 is an absolutely irreducible variety of dimension r  1 deﬁned over N:
By (3a), dimðHÞ ¼ r: Hence, by Lang–Weil [LaW, Theorem 1], jHðFlÞj ¼ lr þ
Oðlr12Þ and jV1ðFlÞj ¼ lr1 þ Oðlr
3
2Þ: This gives b40 independent of l with
mLðS˜lÞX jV1ðFlÞjmjHðFlÞjXbl : for all lAL: &
By Construction 2.1,
P
lAL
1
l
¼N: Hence, by Lemma 2.7, PlALmLðS˜lÞ ¼N: By
(6), the sets S˜l ; lAL; are mL-independent. It follows from Borel–Cantelli [FrJ, Lemma
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16.7(b)] that almost all sAGalðLÞ belong to inﬁnitely many sets S˜l : Thus,
AlðKsðrÞÞa0 for inﬁnitely many lAL: This proves the following result:
Proposition 2.8. Let A be an Abelian variety over a field K satisfying Assumption 2.4.
Then K has a finite Galois extension L such that for almost all sAGalðLÞ there are
infinitely many prime numbers l with AlðLsðsÞÞa0:
3. Finiteness theorems for linear representations
Let F be a ﬁeld extension of *Q: The classiﬁcation theorems for connected
semisimple algebraic groups over *Q lead to a ﬁniteness theorem of split connected
reductive subgroups of GLn over F having a ﬁxed central torus which is deﬁned over
*Q (Proposition 3.10).
Let H be a connected algebraic group. Then all maximal tori of H are conjugate
[Bor2, Corollary 11.3]. Denote the common dimension of all maximal tori of H by
rankðHÞ:1
Let G be an algebraic group over a ﬁeld N and C an algebraically closed extension
of N: We follow the tradition of the theory of algebraic groups that identiﬁes the
group GðCÞ of C-rational points of G with the group G N C obtained by a base
change from N to C:
Algebraic groups G1 and G2 over C are said to be strictly isogeneous if there exists
an algebraic group G over C and separable isogenies yi: G-Gi; i ¼ 1; 2:
Lemma 3.1. Let C be an algebraically closed field and r a positive integer. Then:
(a) There are only finitely many C-isomorphism classes of connected semisimple
groups of rank r over C. Let H1;y; Hk be representatives of the *Q-isomorphism
classes of connected semisimple groups of rank r over *Q:
(b) Suppose *QDC: Then, H1ðCÞ;y; HkðCÞ represent the C-isomorphism classes of
connected semisimple algebraic groups over C of rank r.
Proof. (a) By Tits [Tit1, Theorem 1], each connected semisimple algebraic group H
over C is characterized up to strict isogeny by its Dynkin Diagram DH : The
cardinality of DH is rank ðHÞ and there are at most three edges between two given
vertices. Hence, there are only ﬁnitely many possibilities for DH with rankðHÞ ﬁxed.
Thus, there are only ﬁnitely many strict isogeny classes of connected semisimple
algebraic groups of rank r over C:
Let now H be a connected semisimple algebraic group over C: Denote the afﬁne
Dynkin diagram of H by D0H : It is obtained from DH by adding one more vertex
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[Tit1, 1.1.3]. Let G be the strict isogeny class of H: Section 1.5.2 of [Tit1] associates a
ﬁnite group GðGÞ with G which is naturally embedded in AutðD0HÞ: Then [Tit1, 1.5.4]
associates a subgroup G0ðHÞ of GðGÞ with H: Both associations are natural, i.e.
remain unchanged if we replace C by an algebraically closed extension C0: Moreover,
if H1; H2AG and G0ðH1Þ ¼ G0ðH2Þ; then H1DH2: Since AutðD0HÞ has only ﬁnitely
many subgroups, there are only ﬁnitely many isomorphism classes in G: Together
with the preceding paragraph, this proves there are only ﬁnitely isomorphism classes
of connected semisimple algebraic groups of rank r:
(b) Let C be an algebraically closed ﬁeld containing *Q and J a connected
semisimple group over C: Then J is strictly isogeneous to a direct product J1 
? Js of connected simple groups J1;y; Js over C [Bor2, p. 191]. For each i [Tit1,
Theorem 1] gives a connected simple algebraic group Gi over *Q with DGi ¼ DJi : Put
G ¼ G1 ? Gs: Then DG ¼ ’
S
s
i¼1DGi ¼ ’
S
s
i¼1DJi ¼ DJ : Hence, by Tits [Tit1,
Theorem 1], GðCÞ and JðCÞ are strictly isogeneous over C:
Denote the common strict isogeny class of GðCÞ and JðCÞ by G: Denote the strict
isogeny class of G over *Q by G0: By Tits [Tit1, Section 1.5.4, Proposition 1], there is
an algebraic group G0 over *Q in G with G0ðG0Þ ¼ G0ðJÞ: By (a), we may take G to be
Hi for some 1pipk: Hence, by Tits [Tit1, Section 1.5.4, Proposition 1],
HiðCÞDJðCÞ; as needed. &
The following result is a consequence of Weyl’s dimension formula. It follows also
from [Ric, Propositions 12.1 and 9.2].
Lemma 3.2. Let h a finite dimensional semisimple Lie algebra over C: Then, for each
positive integer n; h has only finitely many n-dimensional irreducible representations.
Lemma 3.3. Let H be a semisimple connected algebraic group over C: Then, for each
positive integer n; H has, up to equivalence, only finitely many n-dimensional linear
representations.
Proof. We may consider HðCÞ as a complex Lie group. Each n-dimensional linear
representation of H uniquely corresponds (up to equivalence) to a linear
representation r:HðCÞ-GLnðCÞ: The latter is uniquely determined by the
associated representation of the Lie-algebra dr: h-glnðCÞ [Var, 2.7.5].
By Humphreys [Hum, 13.5], h is a semisimple complex Lie-algebra. By
Varadarajan [Var, 3.13.1], dr is the direct sum of irreducible linear representations
of h: By Lemma 3.2, h has only ﬁnitely many n-dimensional irreducible
representations. Therefore, H has only ﬁnitely many n-dimensional linear
representations. &
Let G be an algebraic group over an algebraically closed ﬁeld C and n a positive
number. Denote the set of equivalence classes of n-dimensional linear representa-
tions of GðCÞ by RnðGðCÞÞ: Let rnðGðCÞÞ be the cardinality of RnðGðCÞÞ if it is ﬁnite
andN otherwise.
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Lemma 3.4. Let CDC0 be algebraically closed fields and G an algebraic group over C:
Then rnðGðCÞÞ ¼ rnðGðC0ÞÞ: If k ¼ rnðGðCÞÞoN; and r1;y; rk are linear repre-
sentatives of RnðGðCÞÞ; then the canonical extensions of r1;y; rk to GðC0Þ represent
RnðGðC0ÞÞ:
Proof. Suppose ﬁrst r1;y; rk are inequivalent n-dimensional linear representations
of GðCÞ: Assume ri is equivalent to rj over C0 for some 1pi; jpk: Then there is
g0AGLnðC0Þ with riðaÞ ¼ rjðaÞg for all aAGðC0Þ: An appropriate specialization
gAGLnðCÞ of g0 satisﬁes riðaÞ ¼ rjðaÞg
0
for all aAGLnðCÞ: Thus, ri and rj are
equivalent over C: So, by assumption, i ¼ j: It follows that rnðGðCÞÞprnðGðC0ÞÞ:
Conversely, suppose c1;y;ck0 are inequivalent n-dimensional linear representa-
tions of GðC0Þ: They are deﬁned by polynomials with ﬁnitely many coefﬁcients
u1;y; umAC0: Then, ‘‘c1;y;ck0 are inequivalent n-dimensional linear representa-
tions of GðC0Þ’’ is an elementary statement on u1;y; um which holds in C0: By [FrJ,
Theorem 8.3], there is a C-specialization of ðu1;y; umÞ to an m-tuple ð %u1;y; %umÞ of
elements of C such that the specialized rational functions %c1;y; %cm are inequivalent
n-dimensional linear representations of GðCÞ: Hence, rnðGðC0ÞÞprnðGðCÞÞ:
The combination of the ﬁrst two paragraphs proves the lemma. &
The combination of Lemmas 3.3 and 3.4 yields the following result.
Lemma 3.5. Let H be a connected semisimple group over *Q and n a positive integer.
Then rnðHð *QÞÞoN: Let r1;y; rk be representatives of RnðHð *QÞÞ: Then for every
algebraically closed extension C of *Q the canonical extensions of r1;y;rk to HðCÞ
form a system of representatives of RnðHðCÞÞ:
Lemma 3.6. Let F be a field of characteristic 0, H a connected semisimple algebraic
group over F ; and n a positive integer. Consider n-dimensional linear representations
r; r0 of H over F : Suppose r and r0 become equivalent over a field extension F 0 of F :
Then r and r0 are equivalent over F :
Proof. Our assumptions gives gAGLnðF 0Þ with rðhÞg ¼ r0ðhÞ for all hAHðF 0Þ:
Hence, traceðrðhÞÞ ¼ traceðr0ðhÞÞ for all hAHðFÞ: By Springer, [Spr1, Proposition
3.9(a)], r and r0 are semisimple representations of HðFÞ: Hence, by Lang [Lan2,
Corollary 3.8, p. 650], r and r0 are equivalent representations of HðFÞ: That is, there
is bAGLnðFÞ such that rðhÞb ¼ r0ðbÞ for all hAHðFÞ: Since HðFÞ is Zariski-dense in
HðF˜ Þ [Bor2, Corollary 18.3], rðhÞb ¼ r0ðhÞ for all hAHðF˜ Þ: In other words, r and r0
are F -equivalent. &
For the rest of this section ﬁx a direct product G ¼Qpi¼1 GLni : A G-representation
of an algebraic group H is just a homomorphism r:H-G: Suppose r and r0 are G-
representations of H over a ﬁeld F : We say r and r0 are equivalent over F if there is
bAGðFÞ such that r0ðhÞ ¼ pðhÞb for all hAHðF˜ Þ:
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Lemma 3.7. Let F be a field of characteristic 0 and H a connected semisimple
algebraic group over F : Consider G-representations r; r0 of H over F : Suppose r and r0
become equivalent over a field extension F 0 of F : Then r and r0 are equivalent over F :
Proof. Let pi:G-GLni be the projection on the ith factor. By assumption, there is
bAGðF 0Þ with r0ðhÞ ¼ rðhÞb for all hAHð eF0 Þ: Hence, for each i; piðr0ðhÞÞ ¼
piðrðhÞÞpiðbÞ for all hAHð eF0 Þ: By Lemma 3.6, there is aiAGLniðFÞ with piðr0ðhÞÞ ¼
piðrðhÞÞai for all hAHðF˜ Þ: Then a ¼ ða1;y; apÞAGðFÞ and r0ðhÞ ¼ rðhÞa for all
hAHðF˜ Þ: Thus, r and r0 are equivalent over F : &
Lemma 3.8. There are connected semisimple subgroups S1;y; Sm of Gð *QÞ with this
property: For every field F which contains *Q; every connected semisimple algebraic
subgroup of G which is defined and split over F is conjugate over F to Si  *Q F for some
i between 1 and m:
Proof. The dimension of each subtorus of G is at most n ¼Ppj¼1 nj: Let H1;y; Hk
be representatives of the isomorphism classes of connected semisimple algebraic
groups of rank at most n over *Q (Lemma 3.1(a)). By Lemma 3.5, each Hi has only
ﬁnitely many equivalence classes of nj-dimensional linear representations over *Q:
Hence, each Hi has only ﬁnitely many equivalence classes of G-representations over
*Q: Let rij; j ¼ 1;y; qi be representatives of the classes of faithful G-representations
of Hi over *Q: Then list the distinct groups among the rijðHiÞ as S1;y; Sm: Each Sk is
a connected semisimple subgroup of Gð *QÞ:
Consider now a ﬁeld F which contains *Q: Let H be a connected semisimple
algebraic subgroup of G which is deﬁned and split over F : Lemma 3.1(b) gives i with
HðF˜ ÞDHiðF˜ Þ: By Tits [Tit1, Theorem 2] or [Sat, p. 233, last paragraph], there is an
isomorphism y:Hi  *Q F-H over F : View y as a faithful G-representation of Hi  *Q
F : By the preceding paragraph, there is j such that y is equivalent to rij over F˜:
Hence, by Lemma 3.7, y is equivalent over F to rij : In particular, H ¼ yðHi  *Q FÞ is
conjugate over F to rijðHÞ by an element of GðFÞ; that is to one of the groups
S1  *Q F ;y; Sm  *Q F : &
Lemma 3.9. Let C be an algebraically closed field and T a subtorus of GLnðCÞ: Then
the centralizer of T in GLn is conjugate to
Qp
j¼1 GLnj with n1;y; np positive numbers
and
Pp
j¼1nj ¼ n:
Proof. Denote the centralizer of T in GLnðCÞ by G: Let w1;ywp be the weights of T :
Thus, wj:T-Gm is a homomorphism and the vector space Vj ¼ fvACnjtv ¼ wjðtÞv
for all tATðCÞg is not zero. Put nj ¼ dimðVjÞ: Then Cn ¼"pj¼1 Vj [Bor2, Section
8.17]. For each j choose a basis Bj of Vj: Then B ¼ B1,?,Bp is a basis of Cn:
Using conjugation in GLnðCÞ; we may assume B to be the standard base of Cn:
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Consider now an element gAGðCÞ which commutes with T : Then, gVj ¼ Vj :
Hence, gA
Qp
j¼1 GLðVjÞ ¼
Qp
j¼1 GLnj ðCÞ: Conversely, every matrix in the latter
group belongs to G: Therefore, G ¼ Qpj¼1 GLnj ðCÞ: &
Proposition 3.10. Let n be a positive integer and T a subtorus of GLnð *QÞ: Then there
exist connected reductive subgroups H1;y; Hm of GLnð *QÞ with this property: Let F be
a field which contains *Q and H a connected reductive subgroup of GLn over F. Suppose
T  *Q F is the central torus of H and the semisimple part H 0 of H splits over F. Then H
is conjugate over F to Hi for some i between 1 and m.
Proof. Let G be the centralizer of T in GLn: By Lemma 3.9, G is conjugate over *Q toQp
j¼1 GLnj for some positive integers n1;y; np with n1 þ?þ np ¼ n: Let S1;y; Sm
be as in Lemma 3.8. For each i; Si commutes with T : Hence, Hi ¼ TSi is a connected
reductive group over *Q (Remark 1.5).
Consider now F and H as in the Proposition. Then H ¼ TH 0 and H 0 commutes
with T : Hence, H 0pG: Also, H 0 is connected, semisimple and splits over F : Hence,
by Lemma 3.8, there are i between 1 and m and aAGðFÞ with H 0ðF˜ Þ ¼ SiðF˜ Þa:
Therefore, HiðF˜ Þa ¼ TðF˜ ÞSiðF˜ Þa ¼ TðF˜ ÞH 0ðF˜ Þ ¼ HðF˜ Þ; as required. &
4. Splitting of reductive groups
We prove in this section a criterion for a connected reductive group to split over a
ﬁeld K : There exists a K-rational point with the maximal possible number of
different eigenvalues, each of them is in K :
Let C a universal extension of K : That is, C is an algebraically closed extension of
K with trans:degðC=KÞ ¼N: Consider a point xAGLnðCÞ: Let
fxðXÞ ¼ detðX  1 xÞ ð4:1Þ
be the characteristic polynominal of x and x1;y; xm the distinct roots of fxðX Þ in C:
Thus,
fxðX Þ ¼
Ym
i¼1
ðX  xiÞei ; ð4:2Þ
with e1;y; emX1 and
Pm
i¼1 ei ¼ n: Put nðxÞ ¼ m:
Suppose x-x0 is a K-specialization. That is, x0AGLnðCÞ and the map x-x0
extends to a K-homomorphism K ½x-K ½x0: By (4.1), fxAK ½x; X  and j uniquely
extends to a homomorphism j : K ½x; X -K ½x0; X  with jðXÞ ¼ X and jð fxÞ ¼ fx0 :
Moreover, x1;y; xm are integral over K ½x: Hence, j further extends to a
homomorphism j : K ½x; X ; x1;y; xm-K ½x0; X ; x10;y; xm0 with fx0 ðX Þ ¼Qm
i¼1ðX  xi 0Þei : It follows, nðxÞXnðx0Þ: If nðx0Þ ¼ nðxÞ; then j maps fx1;y; xmg
bijectively onto fx10;y; xm0g:
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Consider a connected subgroup H of GLnðCÞ which is deﬁned over K : Let x be a
generic point of H over K : Thus, xAHðCÞ and x-x0 is a K-specialization for every
x0AHðCÞ: By the preceding paragraph, nðxÞ ¼ maxfnðx0Þ j x0AHðCÞg: Denote the
latter number by nðHÞ: Each point aAHðCÞ with nðaÞ ¼ nðHÞ is said to be strongly
regular.
Deﬁne a morphism cl : GLn-A
n over Z in the following way: Let R be a
commutative ring with 1 and aAGLnðRÞ: Then let faðX Þ ¼ X n þ b1X n1 þ?þ bn
with b1;y; bn1AR and bnAR and set clðaÞ ¼ b: When R is an integral domain
with quotient ﬁeld F we write nðbÞ ¼ nðaÞ for the number of distinct roots of fa
in F˜:
Now suppose H and x are as above. Let fxðXÞ ¼ X n þ y1X n1 þ?þ yn: Denote
the Zariski closure of clðHÞ by P: Then P is an absolutely irreducible subvariety of
An deﬁned over K with generic point y: As above nðyÞ ¼ maxfnðy0Þ j y0APðCÞg and
nðPÞ ¼ nðyÞ ¼ nðxÞ ¼ nðHÞ:
Lemma 4.1. Let K be a field, C a universal extension of K, H a connected subgroup of
GLn over K, and T a maximal subtorus of H over K. Set P ¼ clðHÞ: Then:
(a) nðahÞ ¼ nðaÞ for all aAHðCÞ and hAGLnðCÞ:
(b) Let a ¼ asau be the Jordan decomposition of a point a of HðCÞ with as semisimple
and au unipotent. Then nðaÞ ¼ nðasÞ:
(c) nðHÞ ¼ nðTÞ:
(d) nðTÞ is the number of weights of T.
(e) Suppose K is infinite and T splits over K. Then H has a strongly regular K-rational
point whose eigenvalues belong to K.
(f) The set fy0APðCÞ j nðy0Þ ¼ nðPÞg is nonempty and Zariski open in P.
(g) The set of strongly regular points of HðCÞ is a nonempty Zariski open subset
which is closed under conjugation.
Proof. (a) Conjugate points have the same characteristic polynomials.
(b) Conjugate a by an element of GLnðCÞ; if necessary, to assume a is in a Jordan
normal form. Then as is the diagonal part of a: This implies, fas ¼ fa: Hence, nðaÞ ¼
nðasÞ:
(c) By deﬁnition, nðTÞpnðHÞ: To prove the inverse equality, consider aAHðCÞ:
Then as is contained in a maximal torus T
0 of H: By Borel [Bor2, Corollary 11.3(1)],
T 0ðCÞ is conjugate to TðCÞ in HðCÞ: Hence, by (a) and (b), nðaÞ ¼ nðasÞpnðTÞ: This
implies nðHÞpnðTÞ: We conclude that nðHÞ ¼ nðTÞ:
(d) Let wi; i ¼ 1;y; m be the distinct weights of T : Thus, the wi are those
characters of T with a nonzero eigenspace Vi: Then C
n ¼"mi¼1 Vi [Bor2, Section
8.17]. Choose a basis for each Vi and take the union of these bases. A computation of
the characteristic polynomial with respect to the latter basis of Cn gives faðX Þ ¼Qm
i¼1 ðX  wiðaÞÞei ; where ei ¼ dimðViÞ: It follows nðTÞpm:
Since w1;y; wm are distinct, there is aATðCÞ such that w1ðaÞ;y; wmðaÞ are distinct.
Then, nðaÞ ¼ m; so nðTÞ ¼ m; as claimed.
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(e) Since K is inﬁnite and w1;y; wm are distinct, there is aATðKÞ with
w1ðaÞ;y; wmðaÞ distinct. Then a is a K-rational strongly regular point of H whose
eigenvalues, w1ðaÞ;y; wmðaÞ; are in K :
(f) and (g) Let m ¼ nðHÞ ¼ nðPÞ: Denote the set of all x0AHðCÞ with nðx0Þ ¼ m by
H0: Then H0 is closed under conjugation. Denote the set of all y
0APðCÞ with nðy0Þ ¼
m by P0: Let x be a generic point of H over C; write
fxðXÞ ¼ X n þ y1X n1 þ?þ yn ¼
Yn
i¼1
ðX  ziÞ;
where the roots z1;y; zn of fx are ordered such that z1;y; zm are distinct. Then
y ¼ clðxÞ is a generic point of P over C: Let Z ¼ SpecðK ½zÞ be the variety generated
by z over K :
The yi’s are, up to a sign, the values of the fundamental symmetric polynomials in
n variables at ðz1;y; znÞ: Since fx is monic, the map ðz1;y; znÞ/ðy1;y; ynÞ deﬁnes
a ﬁnite morphism p : Z-P: In particular, p is surjective and closed. Also, Z1 ¼S
1piojpm fz0AZðCÞ j zi 0 ¼ zj 0g is a Zariski closed subset of ZðCÞ: Hence, P1 ¼
pðZ1Þ is Zariski closed in PðCÞ: By deﬁnition, PðCÞ ¼ P0 ’
S
P1; so P0 is Zariski open
in P; which proves (f). Finally, H0 ¼ cl1ðP0Þ; so H0 is Zariski open in H; as
contended by (g).
A point a of HðCÞ is said to be regular in H; if as is contained in a unique maximal
torus of H:
Lemma 4.2. Let H be a connected reductive subgroup of GLn over a field K and
aAHðK˜Þ: Suppose a is strongly regular. Then a is a regular point of H.
Proof. Let m ¼ nðHÞ: Since asAHðK˜Þ and nðaÞ ¼ nðasÞ; we may assume a is
semisimple. Conjugating H by an element of GLnðK˜Þ; we may assume
a ¼ Diagða1Ie1 ;y; amIemÞ
with a1;y; amAK˜ distinct, where Iei is the unit matrix of order ei  ei:
Let T be a maximal torus of H over K˜ with aATðK˜Þ: Choose a generic point t of T
over K˜: Then ta ¼ at: The block structure of a corresponds to a decomposition
Cn ¼"mi¼1 Vi where Vi ¼ fvACn j av ¼ aivg: Thus, tVi ¼ Vi; i ¼ 1;y; m: This
implies t ¼ Diagðt1;y; tmÞ is a diagonal block matrix with tiAGLeiðCÞ; i ¼ 1;y; m:
The specialization
ðt1;y; tmÞ-ða1Ie1 ;y; amIemÞ
extends to a specialization of the eigenvalues of ti onto ai: It follows, the sets
of eigenvalues of ti and tj are disjoint, if iaj: If for some i; ti had more than
one eigenvalue, then nðtÞ4m: This contradiction proves that each ti has exactly one
eigenvalue ti:
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Since t is semisimple, so is each ti: Thus, ti is conjugate in GLeiðCÞ to a diagonal
matrix. By the preceding paragraph, that matrix is tiIei : Therefore, ti ¼ tiIei ; so
t ¼ Diagðt1Ie1 ;y; tmIemÞ is a diagonal matrix.
Now suppose T 0 is another maximal torus of H over K˜ with aAT 0ðK˜Þ: Let t0 be a
generic point of T 0 over K˜: Then, as before, t0 ¼ Diagðt10Ie1 ;y; tm0IemÞ: Hence, tt0 ¼
t0t: Thus, t0 belongs to the centralizer of TðCÞ in HðCÞ which is TðCÞ itself, because
H is reductive [Bor2, Corollary 2, p. 175]. Therefore, T 0ðCÞpTðCÞ: The maximality
of T 0 implies T 0 ¼ T : It follows that a is a regular point of H: &
The converse of Lemma 4.2 is not true. Every point of a torus T of dimension at
least 2 is regular in T but the unit is not strongly regular.
Lemma 4.3 (Serre [Ser7]). Let K be a perfect field, H a connected reductive subgroup
of GLn over K. Suppose H has a K-rational strongly regular point a whose eigenvalues
belong to K. Then H splits over K.
Proof. Since K is perfect, asAHðKÞ [Bor2, Corollary 1(3), p. 81]. Let T be a maximal
torus of H over K˜ with asATðK˜Þ: Conjugating H with an element of GLnðK˜Þ; if
necessary, we may assume TðK˜ÞpDnðK˜Þ:
For each sAGalðKÞ we have asATsðKÞ: By Lemma 4.2, Ts ¼ T : Since K is
perfect, T is deﬁned over K : Therefore, since TpDn; T splits over K ; as
claimed. &
5. Special semisimple groups
Ultraproducts of algebraic subgroups of GLnð *FlÞ need not be Zariski closed
because the degrees of the polynomials that deﬁne the subgroups need not be
bounded. Fortunately, the semisimple groups associated with the l-ic representations
of abelian varieties are ‘‘special’’ and yield the needed bound. We discuss these
‘‘special semisimple groups’’ in this section.
It is well known that the concept of absolute irreducibility of algebraic sets is
elementary. Unfortunately, we have not been able to ﬁnd a reference to this fact with
a solid proof. We therefore give here a short proof based on classical elimination
theory.
Denote the ﬁrst order language of rings by L(ring) [FrJ, Example 6.1]. Let I be
the set of all n-tuples ði1;y; inÞ of nonnegative integers with i1 þ?þ inpd: Put
r ¼ jI j: Choose a bijective map j : I-f1;y; rg: Then the general polynomial in
X1;y; Xn of degree d can be written as f ðT; X1;y; XnÞ ¼
P
iAI TjðiÞX
i1
1?X
in
n ; with
T ¼ ðT1;y; TrÞ: Given a ring R; every polynomial in R½X1;y; Xn of degree at most
d can then be written as f ða; X1;y; XnÞ with aARr:
Lemma 5.1. For all positive integers d; m; n there is a formula yðT1;y;TmÞ in
LðringÞ satisfying this: Let F be a field and f1;y; fm be polynomials in F ½X1;y; Xn of
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degree at most d with vectors of coefficients a1;y; am; respectively. Then the Zariski
F-closed subset of An defined by the system of equations f ðai; X1;y; XnÞ ¼ 0; i ¼
1;y; m; is absolutely irreducible if and only if yða1;y; amÞ holds in F :
Proof. Let F be a ﬁeld and V a Zariski closed subset ofAn deﬁned by polynomials in
F ½X1;y; Xn of degrees at most d: Classical elimination theory gives an effective
procedure to decompose V into irreducible F -components, if the basic ﬁeld
operations of F are explicitly given and if one can effectively decompose polynomials
in F ½X  into a product of irreducible factors. The proof of this procedure, as
presented in [FrJ, Lemma 17.18 and Proposition 17.20] gives, for general F ; a bound
on the degrees of the polynomials deﬁning the irreducible F -components of V in
terms of the degrees of the polynomials deﬁning V : Thus, there exist positive integers
e; s; and k depending only on n and d such that ‘‘V is irreducible over F˜ ’’ is
equivalent to the following statement:
(1) There exist no polynomials gijAF˜½X1;y; Xn; i ¼ 1;y; k; j ¼ 1;y; s; of degree
at most e and with kX2 such that
V ¼
[k
i¼1
Vðgi1;y; gisÞ
and no Vðgi1;y; gisÞ is contained in the other.
For all distinct i; i0 the statement ‘‘Vðgi1;y; gisÞD/ Vðgi01;y; gi0sÞ’’ is equivalent
over F˜ to ‘‘There exists x with gi1ðxÞ ¼? ¼ girðxÞ ¼ 0 and gi0jðxÞa0 for at least one
j:’’ Statement (1) is therefore equivalent to a formula *yðT1;y;TmÞ of LðringÞ with
the following property:
(2) Let F˜ be an algebraically closed ﬁeld and a1;y; amAF˜ r: Then
Vð f ða1;XÞ;y; f ðam;XÞÞ is irreducible over F˜ if and only if *yða1;y; amÞ is true
in F˜:
Elimination of quantiﬁers [FrJ, Theorem 8.3] gives a quantiﬁer free formula
yðT1;y;TmÞ which is equivalent to *yðT1;y;TmÞ over every algebraically closed
ﬁeld. Observe that a quantiﬁer free formula with parameters in F is true in F if and
only if it is true in F˜: Consequently, for every ﬁeld F and all a1;y; amAF r the
following chain of equivalencies holds:
yða1;y; amÞ is true in F
3 yða1;y; amÞ is true in F˜
3 *yða1;y; amÞ is true in F˜
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3 Vð f1;y; fmÞ is irreducible over F˜
3 Vð f1;y; fmÞ is absolutely irreducible:
This completes the proof of the proposition. &
Lemma 5.2. Let D be an ultrafilter of a set I and n a positive integer. For each iAI let
Fi be a perfect field and Gi a connected reductive subgroup of GLn over Fi: Denote the
ideal of all polynomials in Fi½Xjk1pj;kpn which vanish on Gi by Ji: Suppose Ji is
generated by polynomials of bounded degree. Let F ¼QiAI Fi=D and J ¼QiAI Ji=D:
Then the Zariski closed subset G of GLn which the ideal J of F ½Xjk1pj;kpn defines over
F is a connected reductive subgroup of GLn and GðFÞ ¼
Q
iAI GiðFiÞ=D:
Proof. By assumption, we may choose generators fi1;y; fim of Ji of degree at most d
with d and m independent of i: Put fj ¼
Q
iAI fij=D; j ¼ 1;y; m: Then let G be the
Zariski closed subset of GLn deﬁned by f1;y; fm: By Lemma 5.1, G is a connected
subgroup of GLn deﬁned over F : Moreover, GðFÞ ¼
Q
iAI GðFiÞ=D:
Assume G is not reductive. Then G has a connected unipotent normal subgroup U
of positive dimension over F : Since F is perfect, UðFÞ is Zariski dense in U [Bor2,
Corollary 18.3]. Hence, UðFÞ is inﬁnite. Moreover, ðu 1Þn ¼ 0 for each uAUðFÞ:
Let g1;y; gr be a set of generators in F ½Xjk1pj;kpn for the ideal of all polynominals
vanishing on UðFÞ: They satisfy for x; yAGLn
(3)
g1ðxÞ ¼? ¼ grðxÞ ¼ 0; f1ðyÞ ¼? ¼ fmðyÞ ¼ 0
) g1ðy1xyÞ ¼? ¼ grðy1xyÞ ¼ 0:
Choose representatives ðgi1ÞiAI ;y; ðgirÞiAI of g1;y; gr; respectively, modulo D: For
each iAI let Ui be the Zariski closed subset of Gi which gi1;y; gir deﬁne. Then
U ¼ QiAI Ui=D: By Lemma 5.1 there is a set I0AD such that for each iAI0; Ui is a
connected algebraic subgroup of Gi and (3) holds for the i-components (so, Ui is
normal in Gi), and jUiðFiÞjX2: Since a connected group of dimension 0 is trivial,
dimðUiÞX1: Moreover, ðu 1Þn ¼ 0 for each uAUiðFiÞ: Since Fi is perfect, ðu
1Þn ¼ 0 for each uAUðF˜iÞ: Hence, Ui is unipotent. This contradicts the assumption
that Gi is reductive. We conclude that G is reductive. &
Notation 5.3. Choice of H1;y; Hm and a number field N: Let n be a positive integer
and T a subtorus of GLn over *Q: Following Proposition 3.10, we choose connected
reductive subgroups H1;y; Hm of GLnð *QÞ with the following property:
(4) Let F be a ﬁeld which contains *Q and H a connected reductive subgroup of GLn
over F : Suppose H splits over F and T  *Q F is the central torus of H: Then H is
conjugate over F to Hi for some i between 1 and m:
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Now choose a number ﬁeld N over which H1;y; Hm are deﬁned. As in
Construction 2.1, let L be an ultraﬁlter of P which contains SpltðN 0Þ for every
number ﬁeld N 0 and all sets of Dirichlet density 1. For each lAP choose a prime
divisor l of N as in Construction 2.3.
Deﬁnition 5.4. Special semisimple groups. Let l be a prime number and S be a
connected algebraic subgroup of GLnð *FlÞ: Call S a special semisimple group
(abbreviated, S-group) if it satisﬁes the following condition.
(5a) S is semisimple and acts semisimply on *Fnl :
(5b) There are some giAMnðFlÞ satisfying gli ¼ 0 such that S is generated by all
elements of the form expðagiÞ ¼
Pl1
i¼0
1
k! ðagiÞk with aA *Fl :
Lemma 5.5. Let L be the ultrafilter of Construction 2.1 and L a set in L: Let N a
number field, n be a positive integer, and T a subtorus of GLn which is defined and split
over N. For each lAL let Hl be a connected reductive subgroup of GLn over Fl
satisfying the following conditions:
(6a) Hl has a strongly regular Fl-rational point al with all eigenvalues in Fl :
(6b) The central torus of Hl is the reduction %Tl of T modulo l (we use the convention of
Construction 2.3).
(6c) The commutator subgroup Hl
0 of Hl is an S-group.
Then there is an i between 1 and m and there is L0AL which is contained in
L-SpltðNÞ such that Hið *FlÞ is conjugate to Hlð *FlÞ by an element of GLðFlÞ for each
lAL0:
Proof. Let F ¼Q Fl=L and C ¼ Q *Fl=L: Then F is a pseudoﬁnite ﬁeld which
contains *Q (Lemma 2.2) and C is an algebraically closed ﬁeld which contains F : Let
Il be the ideal of polynomials in Fl ½Xij 1pi; jpn which deﬁnes Hl 0: By (6c) and [Ser3, p.
62, The´ore`me analogue] Il has a system of generators of bounded degree. Note that
the latter theorem is a consequence of [Ser3, p. 60, The´ore`me] which is also [Ser5,
The´ore`me, p. 38]. Thus, by Lemma 5.2, H 0 ¼ QHl 0=L is a connected reductive
subgroup of GLn over F : In particular, H
0ðFÞ ¼QHl 0ðFlÞ=L and H 0ðCÞ ¼Q
H 0ð *FlÞ=L:
Since Hl
0 is semisimple, H 00ð *FlÞ ¼ H 0ð *FlÞ: Hence, H 00ðCÞ ¼ H 0ðCÞ: By Borel [Bor2,
Corollary, p. 182]. H 0 is semisimple.
By (6b), TðFÞ ¼Q %TlðFlÞ=L ¼ QTðFlÞ=L and TðCÞ ¼Q %Tlð *FlÞ=L¼QTð *FÞ=L:
Consider the subgroup HðCÞ ¼ QHlð *FlÞ=L of GLnðCÞ: It satisﬁes HðCÞ0 ¼
H 0ðCÞ; HðCÞ ¼ TðCÞH 0ðCÞ; and TðCÞ commutes with H 0ðCÞ; because these
relations hold over *Fl for each lAL: By Remark 1.5, H is a connected reductive
group over F :
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For each mpn let Lm ¼ flAL j nðHcÞ ¼ mg: Then L ¼
Sn
m¼0 Lm: By the basic
properties of ultraﬁlters, there is a unique m with LmAL: Replace L by Lm; if
necessary, to assume m ¼ nðHlÞ for all lAL:
By (6a), the characteristic polynomial falAFl ½X  of al has exactly m roots all of
whom are in Fl : Also, a ¼
Q
al=L belongs to HðFÞ: On the other hand, fx has at
most m roots in Fl for all lAL and xAHlð *FlÞ: Hence, fx has at most m roots in C for
all xAHðCÞ: Thus, nðaÞ ¼ m ¼ nðHÞ: By Lemma 4.3, H splits over F :
Condition (4) gives i in f1;y; mg and bAGLnðFÞ with HiðCÞ ¼ HðCÞb: Hence,
there is a subset L0 of L such that L0AL and Hlð *FlÞ is conjugate to HiðFlÞ by an
element of GLnðFlÞ for each lAL0: This concludes the proof of the lemma. &
6. Abelian varieties over number ﬁelds
We extract in this section results of Serre which, together with the lemmas proved
in the preceding sections, prove Assumption 2.4 for Abelian varieties over number
ﬁelds. This leads to the proof of the Main Theorem.
Let K be a number ﬁeld and A an abelian variety over K of dimension d: As in
Section 2, let P be the set of prime numbers. For lAP choose a basis a1;y; a2d for
the Tate module TlðAÞ: Apply the canonical map TlðAÞ-Al on a1;y; a2d to get a
basis %a1;y; %a2d of Al : Let rlN : GalðKÞ-GLð2d;ZlÞ and rl : GalðKÞ-GLð2d; FlÞ be
the l-adic and the l-ic representations of GalðKÞ corresponding to these bases,
respectively. Write GKðlÞ ¼ rlðGalðKÞÞ and GKðlNÞ ¼ rlNðGalðKÞÞ:
Proposition 6.1 (Serre). In the above notation there are a finite Galois extension L of
K, a subtorus T of GL2d which is defined over Q; a positive integer c, and a cofinite
subset P0 of P with the following properties:
(a) For each lAP0 there is a connected reductive subgroup Hl of GL2d which is defined
over Fl and satisfies:
(a1) The group of homotheties Gm is contained in T.
(a2) The central torus of Hl is the reduction %Tl of T modulo l.
(a3) GLðlÞpHlðFlÞ:
(a4) ðHlðFlÞ : GLðlÞÞpc:
(a5) The semisimple part Hl
0 of Hl is an S-group.
(b) The fields LðAlÞ; lAP0; are linearly disjoint over L.
(c) Let HlN be the connected component of the Zariski closed subgroup of GLn
generated over Ql by GKðlNÞ: Then GLðlNÞ is an l-adically open subgroup of
HlNðZlÞ:
Proof. Conditions (a1)–(a4) are announced in [Ser2, Section 2.5]. Condition (a1) is
proved in [Ser5, Lemme, p. 48]. Conditions (a2)–(a4) are proved in [Ser5, The´ore`me,
p. 44].
ARTICLE IN PRESS
W.-D. Geyer, M. Jarden / Finite Fields and Their Applications 11 (2005) 123–150 145
To prove (a5) note ﬁrst that HlðFlÞ acts semisimply on Fl : This follows from a well
known result of Faltings [Ser2, Section 2.5.4 or Ser5, bottom of p. 42]. By deﬁnition
[Ser2, Section 3.2 or Ser3, p. 72], Hl
0 is generated by all elements expðaðg 1ÞÞ with
aA *Fl and gAGLðlÞ of order l: Thus, Hl 0 is an S-group.
Condition (b) is announced in [Ser2, Section 2.1, The´ore`me 1] and proved in [Ser3,
p. 86]; [Ser6, Corollary, p. 56].
Statement (c) is due to Bogomolov [Bog, see also Ser1]. &
Lemma 6.2. Let p be a prime number, H a connected subgroup of GLn over Zp; W a
nonempty Zariski open subset of H, and G a p-adically closed subgroup of HðZpÞ of
finite index. Then the Haar measure of the p-adic boundary of G-WðZpÞ in G is zero.
Proof. Since W is Zariski open in H; WðZpÞ is p-adically open in HðZpÞ: Hence,
G-WðZpÞ is p-adically open in G: Therefore, the boundary of G-WðZpÞ is
contained in G\WðZpÞ; hence in HðZpÞ\WðZpÞ:
Let s ¼ dimðHÞ: Since H is smooth, s is also the p-adic dimension of HðZpÞ: Since
dimðH\WÞodimðHÞ; the p-adic dimension of HðZpÞ\WðZpÞ is smaller than the p-
adic dimension of HðZpÞ: This implies the Haar measure of HðZpÞ\WðZpÞ in HðZpÞ
is 0. By the preceding paragraph, the boundary of G-WðZpÞ has Haar measure 0
in HðZpÞ: Since the Haar measure of the compact groups HðZpÞ and G differ only
by the ﬁnite factor ðHðZpÞ : GÞ; the Haar measure of the boundary of G-WðZpÞ in
G is 0. &
Proposition 6.3 (Serre [Ser7]). Let Hl be as in Proposition 6.1. Then, there exists a
number field N0 such that for each large lASpltðN0Þ there is a strongly regular point
alAHlðFlÞ with all eigenvalues in Fl :
Proof. Let C be an algebraically closed ﬁeld which containsQl for all prime numbers
l: Part A of the proof gives a bound for nðHlÞ: In Part B and C we choose a large
prime number p; a prime q of L; a Frobenius element sq;p in GalðLðApNÞ=LÞ; and
point out that the characteristic polynomial fq of sq;p is independent of p (for p large).
Using the splitting ﬁeld N0 of fq over Q; we show in Part D that all large lASpltðN0Þ
satisfy the conclusion of the proposition.
Part A: Bounding nðHlÞ by ðHlNÞ: The proof of [Ser5, Theorem 2] gives an
absolutely irreducible variety P over Z such that for all large l we have clðHlNÞ ¼ P
and clðHlÞ is the reduction modulo l of P: Thus, for l large, m ¼ nðHlNÞ ¼ nðPÞ is
independent of l and nðclðHlÞÞpnðPÞ ¼ m: Let U be a nonempty Zariski open subset
of P with nðcÞ ¼ m for all cAUðCÞ (Lemma 4.1(f)). Let WlN be the inverse image of
U under cl :HlN-P: Then WlN is a nonempty Zariski open subset of HlN which is
closed under conjugation. In addition, nðaÞ ¼ m for each aAWlNðCÞ:
Part B: Preparing use of the Chebotarev density theorem. We choose a large prime
number p: By Proposition 6.1(c), GLðpNÞ is a p-adically closed subgroup of HpNðZpÞ
of ﬁnite index. Hence, by Lemma 6.2, the boundary of GLðpNÞ-WpNðZpÞ has Haar
measure 0 in GLðpNÞ:
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Let r: GalðLðApNÞ=LÞ-GLðpNÞ be the isomorphism induced by rpN : Like every
isomorphism between compact groups, r preserves the Haar measure. Hence, the
boundary of r1ðWpNðZpÞÞ has Haar measure 0 in GalðLðApNÞ=LÞ and is closed
under conjugation in GalðLðApNÞ=LÞ:
Part C: Choosing of a Frobenius element. Denote the ﬁnite set of primes of L at
which A has bad reduction by BadðAÞ: Let BadðAÞp be the union of BadðAÞ with the
prime divisors of p in L: Then BadðAÞp is a ﬁnite set and each prime of L outside
BadðAÞp is unramiﬁed in LðApNÞ [SeT, Theorem 1]. Therefore, by Part B, the
Chebotarev density theorem for inﬁnite Galois extensions [JaJ2, Proposition 4.3]
gives a prime q of L such that each Frobenius element of GalðLðApNÞ=LÞ over q
belongs to r1ðWpNðZpÞÞ: Choose a Frobenius element sq;p in GalðLðApNÞ=LÞ
corresponding to q: Set sq;p ¼ rðsq;pÞ and let fq ¼ fq;p be the characteristic polynomial
of sq;p: Then fq has coefﬁcients in Z which do not depend on p [SeT, p. 499, Theorem
3]. Since sq;pAWlNðZpÞ; fq has exactly m distinct roots.
Part D: The splitting field N0 of fq over Q satisfies the conclusion of the proposition.
Consider a large l in SpltðN0Þ which lies under no prime in BadðAÞp and
the reduction of fq modulo l has exactly m distinct roots. Now choose a
Frobenius element sq;l in GalðLðAlNÞ=LÞ corresponding to q: Let sq;l ¼
rlNðsq;lÞAGLðlNÞ: By Part C, fq is the characteristic polynomial of sq;l : The
reduction %sq;l of sq;l modulo l is a point of GLðlÞ; hence of HlðFlÞ: Moreover, f%sq;l is the
reduction modulo l of fq: Hence, it has exactly m roots and all of them are in Fl :
Therefore, by Part A, nð%sq;lÞ ¼ nðHlÞ: Consequently, %sq;l is strongly regular, as
required. &
Theorem 6.4. Let A an Abelian variety over a number field K. Then K has a finite
Galois extension L such that for almost all sAGalðLÞ there are infinitely many prime
numbers l with Alð *QðsÞÞa0:
Proof. Let d ¼ dimðAÞ: Proposition 6.1 gives a ﬁnite Galois extension L of K ; a
subtorus T of GL2d over Q; a positive integer c; and a coﬁnite subset P0 of P which
satisfy (a)–(c) of that proposition. For each lAP0 we may choose a connected
reductive subgroup Hl of GL2d over Fl which satisﬁes conditions (a1)–(a5) of
Proposition 6.1. Making P0 smaller, Proposition 6.3 gives a number ﬁeld N0 such
that for each lAP0-SpltðN0Þ there is a strongly regular point in HlðFlÞ with all
eigenvalues in Fl : Thus, conditions (6a)–(6c) of Lemma 5.5 hold for each
lAP0-SpltðN0Þ: Therefore, Lemma 5.5 gives a subgroup H of GL2dð *QÞ and a
subset L of P0-SpltðN0Þ such that HðFlÞ is conjugate to HlðFlÞ in GL2dðFlÞ for each
lAL: After an appropriate change of the base of Al deﬁning rl we get that
GLðlÞpHðFlÞ for each lAL:
Let N be a number ﬁeld which contains N0 such that H is deﬁned over N: Thus,
K ; A; and L satisfy conditions (3a)–(3f) of Assumption 2.4. It follows from
proposition 2.8 that for almost all sAGalðLÞ there exist inﬁnitely many l with
Alð *QðsÞÞa0: This concludes the proof of the theorem. &
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7. Special cases
We are able to prove the Main Theorem in the stronger form with L ¼ K in
several special cases:
Lemma 7.1. Let L/K be a finite field extension. For each i in a set I let Ki be a finite
Galois extension of K and put Li ¼ LKi: Suppose, ½Ki : K  ¼ ½Li : L for each iAI :
Suppose in addition Li; iAI ; are linearly disjoint over L. Then Ki; iAI ; are linearly
disjoint over K.
Proof. We may assume that I is a ﬁnite set. Let K 0 ¼ QiAI Ki and L0 ¼ LK 0:
Then
½L0 : Lp½K 0 : K p
Y
iAI
½Ki : K  ¼
Y
iAI
½Li : L ¼ ½L0 : L:
Hence, ½K 0 : K  ¼QiAI ½Ki : K : Therefore, Ki; iAI ; are linearly disjoint over K : &
The following results uses the ultraﬁlter L which Construction 2.1 introduces.
Proposition 7.2. Let A be an abelian variety over a field K. Suppose there exist a
number field N, a set LAL; and an algebraic group H over K, such that LDSpltðNÞ
and GK 0 ðlÞ ¼ HðFlÞ for each finite extension K 0 of K and each sufficiently large lAL:
Then, for almost all sAGalðKÞ there are infinitely many lAL with AlðK˜ðsÞÞa0:
Proof. Proposition 6.1 gives a prime number l0; such that LðAlÞ; lXl0; are linearly
disjoint over L: Making l0 larger, if necessary, we get ½KðAlÞ : K  ¼ ½LðAlÞ : L for all
lXl0: Hence, by Lemma 7.1, KðAlÞ; lXl0; are linearly disjoint over K :
We may assume lXl0 for each lAL: Let V be the intersection of H with the
hypersurface deﬁned by detð1 zÞ ¼ 0 where z is a 2d  2d matrix of indeterminates.
Let N 0 be a ﬁnite extension of N over which all absolutely irreducible components of
V are deﬁned. Let L0 ¼ L-SpltðN 0Þ: Write S˜l ¼ fsAGalðKÞ j AðK˜ðsÞÞa0g: By the
preceding paragraph, the sets S˜l ; lAL; are mK -independent. As in the introduction or
in Section 2,
P
lAL0 mLðS˜lÞ ¼N: By Borel-Cantelli, almost all sAGalðKÞ belong to
inﬁnitely many S˜l : Therefore, there are inﬁnitely many lAL with AlðK˜ðsÞÞa0: &
There are at least two cases where the assumptions of Proposition 7.2 are satisﬁed:
Theorem 7.3. Let A be an abelian variety of dimension n over a number field K.
Suppose one of the following conditions holds:
(a) E ¼ Q#EndCA is a totally real number field with ½E : Q ¼ n and there is a prime
of K at which A has no potential good reduction.
(b) EndCA ¼ Z and dimðAÞ is 2, 6, or an odd positive integer.
Then, for almost all sAGalðKÞ there are infinitely many l with AlðK˜ðsÞÞa0:
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Proof. It sufﬁces to prove that the conditions of Proposition 7.2 hold in each of the
cases.
Case (a): Let n ¼ ½E : Q: Deﬁne an algebraic subgroup H of GL2n over Z by
HðRÞ ¼ DiagðaÞ DiagðbÞ
DiagðcÞ DiagðdÞ
 	
AGL2nðRÞ j aidi  bici ¼ a1d1  b1c1; i ¼ 2;y; n

 
for each commutative ring R with 1. Here DiagðaÞ is the diagonal matrix in GLnðFlÞ
with entries a1;y; an along the main diagonal. Let O be the ring of integers of E:
Then, for all large l
GKðlÞDfgAGL2ðO=lOÞ j detðgÞAFl g
[Rib, p. 752]. Then, for all large lASpltðEÞ; O=lODFnl and there is an isomorphism of
GKðlÞ with HðFlÞ which is compatible with the actions of the groups on AlðK˜Þ and
F2nl ; respectively.
The same statement holds for each ﬁnite extension K 0 of K; where one has to
exclude possibly more l than for K : Thus, the conditions of Proposition 7.2 hold for
N ¼ E and L ¼ SpltðEÞ:
Case (b): The conditions of Proposition 7.2 hold in this case with N ¼ Q; L
coﬁnite in P; and H ¼ GSp2n [Ser5, Corollary, p. 51]. &
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